Let X be a uniformly smooth Banach space and T : X ª X a strongly accretive operator. In this paper, we give the error bounds for the approximation solutions of the nonlinear equation Tx s f generated by both the Mann and the Ishikawa iteration process. On the other hand, let K be a nonempty convex subset of X and T : K ª K a strictly pseudocontractive mapping. The related results deal with the error bounds for the iterative approximation of the fixed point of T generated by these two processes. ᮊ 1997 Academic Press
INTRODUCTION w x
Recently, by the Ishikawa iteration process, Deng and Ding 8 gave the iterative sequence which converges strongly to the unique fixed point of a Lipschitzian strictly pseudocontractive mapping in a uniformly smooth Banach space X and a related result on the problem that the Ishikawa iteration process converges strongly to a solution of the equation Tx s f when T is a Lipschitzian and strongly accretive operator of X into itself. w x Thus they extended the result of Chidume 3 to the uniformly smooth w x Banach space setting. Further, Deng and Ding 7 extended their results of w x 8 to the case of the Lipschitzian and local strictly pseudocontractive mapping, and the Lipschitzian and local strongly accretive operator in a w x uniformly smooth Banach space. In addition, Chidume 5 proved the following result: If X is a uniformly smooth Banach space, K is a nonempty convex subset of X, and T : K ª K is any strictly pseudocon-tractive mapping with a nonempty fixed point set, then both the Mann iteration method and the Ishikawa iteration method converge strongly to w x the unique fixed point of T. In particular, Theorem 1 in 5 extended the w x result of 3 to a larger class of continuous strictly pseudocontractive Ž . mappings and from L spaces p G 2 to the uniformly smooth Banach p w x spaces. On the other hand, Tan and Xu 9 studied both the Mann and the Ishikawa iteration process in the p-uniformly smooth Banach space X. They proved that the two processes converge strongly to the unique solution of the equation Tx s f when T is a Lipschitzian and strongly accretive operator of X into itself or to the unique fixed point of T when T is a Lipschitzian and strictly pseudocontractive mapping from a bounded w x closed convex subset C of X into itself. Hence, Tan and Xu 9 gave w x affirmative answers to Problems 1 and 2 of Chidume 4 , respectively, and w x also extended all results of Chidume 4 to the p-uniformly smooth Banach w x space setting. Further, motivated and inspired by Deng and Ding 8 , Zeng w x w x 13 extended the results of Tan and Xu 9 to the cases of the Lipschitzian and local strongly accretive operators, and the Lipschitzian and local strictly pseudocontractive mappings in the p-uniformly smooth Banach space X.
In this paper suppose X is a uniformly smooth Banach space and T : X ª X is a strongly accretive operator. We give the error bounds for approximation solutions of the nonlinear equation Tx s f generated by both the Mann and the Ishikawa iteration process. On the other hand, let K be a nonempty convex subset of X and T : K ª K be a strictly pseudocontractive mapping. The related results deal with the error bounds for the iterative approximation of the fixed point of T generated by these two processes. Our results are the improvements and extension of the w x w x results obtained previously by Chidume 3᎐5 , Deng and Ding 8 , and Tan w x and Xu 9 .
PRELIMINARIES

5
² : Let X be a real Banach space with norm и and dual X *. By и , и we denote the generalized duality pairing between X and X *. The normalized duality mapping from X into 2 X * is defined by holds for all x, y in K and r ) 0. If, in the above definition, t s 1, then T w x is called a pseudocontractive mapping; see 1, 4 for more details.
Ž w x. The Ishikawa iteration process see, e.g., 2, 4 is defined as follows: For K a convex subset of a Banach space X and T a mapping of K into itself, Ä 4 ϱ the sequence x in K is defined by n ns0
n ns0 n ns0 n n ns0 n Ž w x. The Mann iteration process see, e.g., 2, 4 is similar to the Ishikawa iteration process above but with ␤ s 0. n Ž . Let X be a real Banach space. Recall that the modulus p и of x smoothness of X is defined by
Ž .
x Ž . ) 0, and that X is said to be uniformly smooth if lim p r s 0.
It is known that X is uniformly smooth if and only if the normalized duality mapping J is single valued, and is uniformly continuous on any Ž w x. bounded subset of X cf. 11 . For the uniformly smooth Banach space X, we define
2.6
w . w . for every t ) 0. It is obvious that the function ␤ : 0,ϱ ª 0, ϱ is w x Ž . nondecreasing and continuous, and has the property 10 that ␤ 0 s 0 and
Ž . Ž . 
w x Browder 1 proved that if T : X ª X is locally Lipschitzian and accre-Ž . tive then T is m-accretive; i.e., the mapping I q T where I denotes the identity mapping of X is surjective. This result was subsequently generalw x ized by Martin 14 to continuous accretive operators. It can be seen that the following lemma is an immediate consequence of Martin's result. 
THE MANN ITERATION PROCESS
In this section, we study the Mann iteration process, prove that if X is a uniformly smooth Banach space and T is a continuous and strongly accretive operator of X into itself then the Mann iteration process converges strongly to the unique solution of the equation Tx s f, and present the error bounds for approximation solutions. following conditions:
Ž . where ␤ t is as in 2. 
Ž .
n n where
Ž . and n G 1 are generated by the iterati¨e scheme
Proof. We first observe that the equation Tx s f has a unique solution which is denoted by q. Indeed, the existence follows from Lemma 3 and the uniqueness from the strong accretiveness of T. We also observe that for x, y g X. n n n n n that is,
Ž . by inductive reasoning, 3.6 , and 3.8 , we infer that
x yq FB for all n G 1. Ž . 5 5 we derive ª 0 as n ª ϱ. Hence, it follows from 3.9 that x y q ª 0 n n Ä 4 ϱ as n ª ϱ. This means that x converges strongly to q. n ns1 w x Remark 1. Theorem 1 extends Theorem 3.1 of Tan and Xu 9 to the uniformly smooth Banach space setting and removes the restriction, the Lipschitzian continuity of strongly accretive operators in Theorem 3.1 of w x 9 . As we know it, a number of previous authors including Nevanlinna and w x w x w x Reich 15 , Reich 16 , and Chidume 5 have discussed the convergence Ž . rates of the iterative sequences generated by 3.1 . For example, Ž . y 1 Ž . set c s s n q 1 for each n, s g 0, 1 . It is obtained that the error
There is no doubt that such estimates in Theorem 1 are rather rare in the literature.
THEOREM 2. Let X be a uniformly smooth Banach space and K be a nonempty con¨ex subset of X. Let T : K ª K be a continuous and strictly Ž . pseudocontracti¨e mapping. Suppose the set F T of fixed points of T is Ä 4 ϱ nonempty, and the range of T is bounded. Assume further that c is a n ns1
real sequence satisfying the following conditions:
Ž . where k s t y 1 rt, t g 1, ϱ is the constant appearing in 2.5 , and ␤ t is Ž . as in 2.6 . Then we ha¨e Ž .
Ä 4 ϱ 1 the sequence x generated by x g X and n ns1 1
Ž .
n q 1 n n n n con¨erges strongly to the unique fixed point q of T ; 
Ž . 2 if we denote
Since T is strictly pseudocontractive, I y T is strongly accretive and, for each x, y g K, Ž . Ž . Ž . Using 2.6 , 3.1 , and 3.10 , we infer that n n n n n that is,
The remainder of the proof is similar to that of Theorem 1. 
THE ISHIKAWA ITERATION PROCESS
In this section, we discuss the Ishikawa iteration process. We shall give the error bounds for the approximation solutions of the equation Tx s f generated by the Ishikawa iteration process. In addition, a related result deals with the error bounds for the iterative approximation of the fixed point of a strictly pseudocontractive mapping T. 
Ž . where ␤ t is as in 2.6 . Assume further that the range of S is bounded. Then we ha¨e Ž .
Ä 4 ϱ 1 for each x g X, the Ishikawa sequence x defined by
n n n n n con¨erges strongly to the unique solution q of the equation Tx s f ;
Ž . 2 if we denote
n n 2 then for e¨ery n G 0, n q 1 n n n n 2 2
Ž . Ž . by inductive reasoning, 4.7 , and 4.10 , we infer that x yq FB for all n G 0. 4.11
Ž .
n n Ä 4 w x Ž . Since ␣ ; 0, 1 satisfies Condition 1 , we obtain
Ž . it can be easily seen that ␣ ␤ ␣ s o ␥ as n ª ϱ. Thus, by Lemma 2, 
